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Solving the MIXI/G/1 Queue (Number in the System, Delay)

A A
Method | Method |1
Markov Chain imbedded at Imbedded Markov Chain
the individual job departure approach considering each
instants batch asajob
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Method I: Considering the imbedded Markov Chain at the
departure instant of each job

In this case, we can show that -

Generating Function of the number of arrivalsin aninterval of length t

N _3‘ g @ St _ - 11 b (2)] (4.24)
Ez'}=a b (2 —€ =e
g=0 g

Generating Function of the number of arrivalsin aservicetime
¥

A@)= (¢ ' PPb)dt=Lg(l - Ib(2)) (425

t=0
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Q@ = Generating Function of number left behind in the system as
seen by a departing job

Q(2 may be obtained in the same way as P(2) for the smple M/G/1
queue

Applying the P-K Transform Equation of Eq. (3.14) with A(2) asgiven
by Eq. (4.25) gives

(1- r)@- 2Lg(l - I'b(2)

= 4.26
A2 Lg(l -1b(2)- 2 (429
with r =A§)=1bX=1b¢)X
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Unfortunately, this derivation cannot be taken much further.

Since the arrival processis a batch Poisson process, the upward
transitions of the system state may be +1, +2, +3......

Thisimpliesthat Kleinrock’s result will not be applicable to
this queue and hence Q(2) will not be the generating function as
seen by an arrival to the queue.

Moreover, PASTA will also not be applicable since the arrival
process of jobsto the queue is aso not a Poisson process.

The overall implication of thisisthat Q(2) will not be the
generating function of the number in the system at equilibrium
and cannot be used as we had used P(2) for the M/G/1 queue
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Method I1: Considering each batch as asingle job, deriving the
batch queueing delay and then adding to that the

delay within a batch.
Batch Service Time: Random variable X" with distribution
given by b'(t), Lg.(9)

3 ‘

Le-(9=a b, (Ls(9) =b(Ls(9)) 4.27)
r=1

X*=FX = Xb 1) (4.28)

X *2 = X7 + (X)2[r? - 7] (4.29)
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In this case, the generating function A(2) of the number of batches
arriving within a batch service time will be given by

A2)=Lg( - 12)=b(Lg( - 12)

Using this A(2) in Eq. (3.14), we get
Q(2 = Generating Function of number in the system at the batch
departure instants
_@-r)@- 9lb(Lg(l - 12)]

[b(Lg(l -12)]- 2z

relrX (432)

Q(2 will also be the generating function of the number of batches
in the system both at the batch arrival instants and at an arbitrary
time instant at equilibrium. (See Section 4.4.1)
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W, = Mean waiting time in queue for service to start to abatch
(Batch Queueing Delay)

We can obtain this either from direct residual life-time arguments or

from Q(2)

| X*z

W, =
20 r)

(4.33)

r=1rX (4.31)
with

X*2=(X2- )72)F+r_2)72:s>2(?+(r‘2+sr2))72 (4.34)

‘ See (4.35) in Section 4.4.1 for another form of expression for W, ‘
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We now need the queueing delay inside a batch to complete the
derivation for the queueing delay for ajob

g. = P{ajob isserved in the k" order in a batch}

14
= (K
. niaﬂy'() P{X,2kl 1§
g =limyey = = =—ab, (4.36)
lo E{X;} =k
—a X;
n:

For the job served in the ki order, the mean queueing delay
will be Wy, +KE{X}
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w, = Queueing delay (random) for ajob given that serviceto its
batch has started

Probability density function f,,,(t) with L.T. Ly(S)

¥
Lw2(9) = A [Le (9] g,

k=1

S e
Qlox 7 Qlox

[LB(S)]k-l(bk+bk+1+bk+2+ ...... ¥)
1

L 1 (L ()

1 ' 1- Lg(s)

_[i- b(Lg(9)]

TR L(9) (430

1
P
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Using the Moment Generating Propertyi, we can use L,,,(s) to
find the mean queueing delay W, within the batch

— —2 _
W, = Lyo(9) =¥ (4.38)

Using the batch queueing delay obtained earlier, we get the
overall queueing delay W, for an arriving job
W, =W, +W,

Vs 3P+ (2 +sHX?  X[r?- 7]
20- 1) 2

(4.39)
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