EE 633, Queueing Systems
Final Examination (2012-2013S)
Solutions

1. (a) Let the Effective Service Time Distribution (Laplace Transform) of a job entering the
system (from outside) be Lg«(s).

(b)

N - Ls(s)

Therefore Lg.(S)= L (s)[qL, (s)] * =Pt

()= 2P @A O =t
. . . N N > k-1 N, py Y
with  Mean Effective Service Time X" =)’ pg“*(kX) = s =
P - P

where X is the mean service time in the actual queue.
Effective Traffic=p = AX = AX_p where p=aiX
p P

Following the analysis of an M/G/1 queue (and considering the whole system as a
M/G/1 queue with the effective service time distribution Lg+(s) as given earlier), we
get —

1-2)L,.(A—A2)

P,(2) = ith p,=1-p"
% (2) =1, L.(A—-A2)-2 with pg P
Simplifying this gives,
1-2)L,(1- Az
Py (2)=(p- p) o DelA=A2) (5]

(p+qz)Ly(A—-Az)-z

For point A, the Markov chain may be written at the departure instants with n; as the
number seen left behind in the system by the ith departure.

For ni=0 Nit1= Qiyg probability = p
=01 +1 probability = g
For n2>1 Niz1= Nit Gjg-1 probability = p
=Nt Ojyz probability = g

Therefore, (with A(z)=E[Z°], note that A(z)=Ls(A- AZ))

P.(2) = A(Z) Ppol P +09z]+ A(z) pz  [PA(2) — Pao] + A(2)A[PA(2) — Pao]
(1-2)(p+9z)A(2)
[(p+0z)A(z) -7]

PA(Z) = Pao

Directly taking means of the LHS and RHS of the Markov Chain expressions at
equilibrium and using E{n,}=E{n,,;}=Nand E{a,;}=1X = p, we get
N=N+4AX+ pAOq_(l_ pAO)p

= Pa=P—p
O=p+Pyp-P

@D+ @AR) A2 (pr Ly (A7)
Therefore .2 =(P= ) o aa@-2 - o+, )2 O



2. A State Transition Diagram for this system is given below. Note that states 2, 3,...00
are normally defined. The other states are defined as follows —

{1,A} one customer in the system, Server A working
{1,B} one customer in the system, Server B working
{0,A} system empty, Server A idle for longer time than Server B
{0,B} system empty, Server B idle for longer time than Server A

Por = Pog =— 53—

[5]

A

pn :( j p2 n= 2,3,4, .......
Hp+ Ug

The normalization condition will then give
1

P, =
[ZluA/JB ﬂA+ﬂB+ Hp T Hg j

A2 " A A
Hp+ Hg

Using p, from above, the required probabilities in terms of p, are —

N7
pO - 2 22 2 p2

+
P, = e P> [2]

A

ﬁ, n-2
pn = (—j p2 n= 2,3,4, .......
Hpa T Hg

3.(a) Let Pg be the probability of blocking and p = AX
Then p,=1-p(1—-PR;) andalso p, =1-P,

Therefore, 1- PR, :L
1+p

or PB:—p = /1X_
1+p 1+4X

[2]



(b) (i) In one busy-idle cycle, Mean Length of Idle Period I = % = K—
P

Let Mean Length of Busy Period = BP
Then
— - X - .o X
BP =X +A+4(X +A)[—j+(K —1){x +AX (—H
1-p 1-p
KX +A
1-p
and _Fcyde _T+BP- KX N KX +A _ KX + pA
p 1-p  p(l-p)
Therefore P{Server Busy}=— BP_ = Kp+2a or (Ki—+A)p [5]
| +BP K+1A (KX + pA)
1
. A X(QA-p)
i P{system empty}= —F—=— [3]
(i) Y P | +BP KX +pA

Utilizing the symmetry of the network, it is evident that 4, =4, and 4, =4,
Also A4 =4+054, and A4 =4,
Therefore A=h=4=4=21

A=(22,21,22,22) 2=02p,p,p,2p) V=111

(a) For system to be stable, we need 2p<1 or p<0.5 or A<0.5u [2]

(b) =(0.2,0.2,02,02) $=(0.2,0.1,0.10.2)

A
N =(0.25,0.1111,0.1111,0.25)
W = (1.25,0.5556,0.5556,1.25)

Therefore Mean Transit Time = 3.6111 [3]

(c) Set Az=0 (Note that the symmetry used earlier can no longer be used)

4, =054, 1,=051,+051 = A3=%ﬂi ﬂﬁ%%
12:0.513+0.511=§/?1

A =1+0.54, 21=/1+§/11 A4,=151=0.15

1=(0.15,0.1,0.05,0.1)  V =(1.5,1,0.5,1)

Mean Transit Time for jobs entering from A =3.9584 [5]



5.(a) Since Q4 is the designated sub-network, for computation of the FES, we need to
redraw the network with Q4 shorted. We then compute T(j) as the
throughput through that short for j=1,2,...,M where j is the number of jobs
circulating in the network. (Note M=4)

i w (O
U 2u .
Qa Short Circuit Q4 0.5

%

24 . Aeclm)
t 0

Choose Q1 as the reference queue

4, =054, +05[054 +054,]  0.754 =054, +0.254,
4, =054, +054, 054, =4, —054,

Therefore A=4=4 and T(j)=054+051 =4
Choosing Q1 as the reference queue with 4, =, we get -

Relative Throughputs A=pu L=u AL=u
Visit Ratios Vi=1 V,=1 V,=1
Relative Utilizations =1 u,=05 u,=05
Initialization N,=0 N,=0 N,=0
Recursion
W@®H=1 W,1=05 W,(1)=05 z:%:o.s
m=1 4 @)=05 4,(1=05 A,(1)=05
N,1)=0.5 N,(1)=0.25 N,(1)=0.25
W (2)=15 W,(2)=0.625 W,(2)=0.625 A=0.7273
m=2 2, (2)=0.7273 1,(2)=0.7273 4,(2)=0.7273

N,(2)=1.091 N,(2)=0.4546 N,(2)=0.4546



W,(3)=2.091 W,(3)=0.7273 W,(3)=0.7273  1=0.8461
m=3 A'(3)=0.8461 1 (3)=0.8461 A(3)=0.8461
N,(3)=1.7692 N,(3)=0.6154 N,(3)=0.6154

W, (4)=2.7692 W,(4)=0.8077 W,(4)=0.8077 1=0.9123

m=4=M ﬂ.f (4)=0.9123 /1;(4) =0.9123 23*(4) =0.9123
N,(4)=2.5263 N,(4)=0.7369 N,(4)=0.7369
The State Dependent Service Rates for the _FrE_S
corresponding FES would be — T
T(1)=0.5 T(2)=0.7273 [5]
7(3)=0.8461 7(4)=0.9123 o

(b) We can define the system state as (Nges, Nqs)
where

Neest Nos=4

The corresponding balance equations can be written to solve for the system state
probabilities.

0.5 Pis = Pos P = 2 Pos
0.7273p,, = Pys p,, =2.7499p,,

0.8461py; = p,, Py = 3.25p,,
0.9123p,, = P, Pos =3.5624py,

Since Py, + Pz + Py + Py + Py =1, We get —

P, = p,, =0.0796
P, = p, = 0.1592
P, =p,, =0.2189 [5]
P, = p;, =0.2587
P, = p,, =0.2836



